Introduction

The model
The beads used in the above-mentioned assay were about 1 Âm in diameter, considerably larger than the microtubule diameter (µ 25 nm). The bead is coated with a protein which attaches it to the microtubule lattice. We shall assume that the surface density (number per unit area) of this protein is sufficiently high to permit the bead to roll on the microtubule lattice, so that we can treat the bead as if it were diffusively rolling along a one-dimensional track, as shown in Figure 1 .
Since the tubule consisits of discrete subunits, we shall use a discrete formulation.
Thus we divide the tubule into subunits of size Î = 8 nm (the length of a tubulin dimer). Note that a subunit, thus defined, is a ring of 13 tubulin dimers. We adhere to the convention that the minus end of the tubule is fixed and that the plus end of the tubule is moving as a result of the depolymerization occurring there, so that depolymerization proceeds from right to left in Figure 1 . We allow the bead to jump parallel to the axis of the tubule between adjacent subunits with a frequency γ + for jumps towards the plus end (i.e. to the right with reference to Figure 1 ) and γ -for jumps towards the minus end (i.e. to the left in Figure 1 ). These two frequencies will be equal unless there is an applied force (or the the action of a molecular motor) to bias the motion in one direction, as we shall discuss below. Denote by β the depolymerization rate of subunits from the plus end of the tubule when the bead is not on the terminal subunit. We obtain β from the observed depolymerization rate with no bead attached (Table 1) .
When the bead is on the terminal subunit we assume that subunit cannot dissociate since it is held in place by bonds to the bead. However, when the bead rolls to the left away from the terminal subunit we assume that it has some definite probability, p, of -3-dissociating the terminal subunit from the tubule. This assumption is motivated by the observation that a tubule with an attached bead depolymerizes faster than a tubule without a bead. Since the bead is much larger than the microtubule, it is safe to neglect the effect of pulling the terminal subunit on the bead's motion. To take this effect into account, one could use a different rate coefficient for the bead rolling away from the terminal subunit than for its other jumps to the left. This would introduce an additional parameter, and we avoid it here.
Some coupling molecules (e.g. cytoplasmic dynein) fall off the microtubule end as it depolymerizes, and so do not exhibit the sort of motions we are modeling. Other coupling molecules (e.g. kinesin, NK350) do support depolymerization associated motion because they seldom fall off the ends. That is the case that we consider, and so we simply impose the constraint that the bead cannot come off the end of the microtubule.
The cases in which the bead does not fall off the end of the microtubule are probably those in which the bead makes many bonds with the microtubule and yet is sufficiently mobile that it can move away from the depolymerizing end rather than being stuck there and dissociating along with the protofilament to which it is attached. High mobility along the tubule is compatible with a large number of bonds because the bonds do not all have to be broken at the same time for rolling diffusion to occur. In such diffusion, on average, one bond is broken for each bond made.
Indeed, when the density of motors on the surface of the bead is sufficiently high, the breaking of the old bond and the making of the new one can occur simultaneously, thus further lowering the energy barriers to rolling diffusion. If the bead attempts to roll off the end of the tubule, no new bonds are made to compensate for those that are lost. As pointed out by Hill, this establishes an effective free energy gradient in the neighborhood of the end of the tubule that tends to keep the bead attached (Hill, 1985) . Another mechanism that may contribute to keeping the bead attached to the tubule is the the observed "banana-peel" conformation at the depolymerizing end as a protofilament peels off longitudinally (Kirschner, et al., ; Mandelkow, et al., 1985). It may be difficult for the bead to negotiate the corner formed by such a depolymerizing protofilament, since to do so would require breaking many bonds at once. We make no attempt to simulate such details here. Instead, we just make it an assumption of the model, as stated above, that the bead cannot dissociate from the tubule.
-4-Our goal is to compute the speed at which the bead moves towards the minus end of the tubule, ratcheted along by the depolymerization process. We shall calculate this speed as a function of a load force (directed to the right) that may be acting on the bead opposing the depolymerization-driven motion. Such a load can be applied by putting the whole system in a fluid flow, or by using a laser trap. In addition to calculating the mean velocity, we shall also determine certain statistical properties of the motion, specifically the statistics of runs and pauses. These results can be used to test the model and to determine the model parameters from experimental data.
Results
The load-velocity relationship is not monotonic
In Appendix A we derive and solve a system of differential-difference equations that govern the evolution of an ensemble of systems of the type depicted in Figure 1 ) . p, the probability of the bead detaching a terminal subunit, is not directly measureable; however, we can estimate it from the unloaded velocity: When a small plus end-directed load is applied to the bead, then the bead spends most of its time near the tip, facilitating depolymerization, and the pauses nearly disappear, so that the trajectory appears as a single long run. 2 The statistics of the runs and pauses provide additional information about the bead's motion. In Appendix B we derive the probability distribution for pause times, p , from which we obtain the following expressions for the mean and variance of the pauses: is given by: into these expressions, we find (after some algebra):
The parameters ˝+ and ˝-may be related to observable quantities in two different ways, depending on whether the protein that joins the bead to the microtubule is functioning as an active molecular motor, or not. In the passive case (NK350, or kinesin without ATP), we know from thermodynamics that γ + /γ -= exp(ω)
where Let q j (t) = probability that the system is in state j at time t, j = 1,2,... -18-‰⁄‚ = probability density function for T⁄‚.
Note that ‰⁄‚(t) = ˆ γ + q⁄(t).
The q j (t) are governed by the differential equations:
with initial conditions q j (0) = 1 and q j (0) = 0 for j > 0. Note that d dt q j (t) = −ˆ γ + q 1 = −ρ 10 (t)
, and ‰⁄‚ is the probability density function for T⁄‚. We solve this system of differential equations using the Laplace transform:
and make use of the property that
The equations for q j are:
We look for solutions of the form constant ≈ z j , with |z|<1 for real non-negative Ò.
This leads to the following expression for q 1 :
This yields the transformed probability density function 
